Abstract. We introduce a Vasicek-type short rate model which has two additional parameters representing memory effect. This model presents better results in yield curve fitting than the classical Vasicek model. We derive closed-form expressions for the prices of bonds and bond options. Though the model is non-Markov, there exists an associated Markov process which allows one to apply usual numerical methods to the model. We derive analogs of an affine term structure and term structure equations for the model, and, using them, we present a numerical method to evaluate contingent claims.
introduction
The Vasicek model introduced by [8] is a classical short rate model. It is defined by a stochastic differential equation (SDE) of the form (1.1) dr(t) = {a − br(t)}dt + σdW * (t) (t ≥ 0) describing the short rate process {r(t)}, where a, b and σ are positive constants and {W * (t)} is a Brownian motion under the equivalent martingale measure. In this paper, we introduce a Vasicek-type short rate model with memory effect which has some good properties.
To define the Vasicek-type model, denoted by M, we replace the Brownian motion {W * (t)} in (1.1) by a stochastic process {Z(t)} which was introduced and investigated by [1, 2, 7] (see Definition 2.1 below). The process {Z(t)} is a Gaussian, stationary increment process which has parameters p, q representing memory effect. The process {Z(t)} is also an Itô process unlike, e.g., fractional Brownian motion. This implies that we can apply the standard stochastic calculus, that is, the Itô calculus, to the model M.
For the Vasicek-type model M and 0 ≤ t ≤ T , we derive a closed-form expression for the time t price P (t, T ) of a zero-coupon bond with maturity T , which we also call a T -bond (see Theorem 3.1 below, the proof of which is given in Section 4). From the result and the forward measure method (cf. [6] and [5, Chapter 7] ), we also obtain a closed-form expression for the prices of European bond options (see Proposition 3.4 below).
The closed-form expression for P (t, T ) also gives that for the yield Y (t, T ) defined by (1.2) Y (t, T ) = − log P (t, T ) T − t (t < T )
or P (t, T ) = exp[−(T − t)Y (t, T )] (see Theorem 3.2 below). As in other short rate models, we can estimate the parameters of the Vasicek-type model M by fitting the yield curve T → Y (0, T ) to actual yield data. We will see that the model M shows better fitting results than the classical Vasicek model, thanks to the additional parameters p and q (see Section 6). The model M has memory effect. In other words, it is a non-Markov model. In general, non-Markov interest rate models have the drawback that numerical computations become difficult in them. It turns out that the model M is free from this drawback, thanks to the existence of an associated two-dimensional Markov process, which is obtained by coupling the short rate process {r(t)} with another process (see (5.1) below). This associated Markov process allows one to apply usual numerical methods. In fact, using the Markov process, we derive analogs of an affine term structure and term structure equations (cf. [3, 4] and [5, Chapter 5] ) for the model M, and present a numerical method to evaluate European contingent claims based on them (see Section 5).
The model
Let {F t } t≥0 be the Q-augmentation of the filtration generated by a onedimensional standard Brownian motion {W * (t)} t≥0 defined on a complete probability space (Ω, F , Q). Definition 2.1. For real numbers p, q such that
we define a process {Z(t)} t≥0 by
where the positive deterministic function l is defined by
As is eaily seen, the process {Z(t)} is a continuous, Gaussian, {F t }-adapted, Itô process. It may not seem so, but {Z(t)} is also a stationary increment process. In fact, if {Ŵ (t)} t∈R is another Brownian motion on another probability space (Ω,F,Q), then, for the Gaussian, stationary increment process {X(t)} t≥0 defined by [7] . If p = 0, then {Z(t)} reduces to the Brownian motion {W * (t)}. For a, b, σ ∈ (0, ∞), we consider the following Vasicek-type SDE:
From d{e bs r(s)} = e bs dr(s) + be bs r(s)ds = ae bs ds + σe bs dZ(s), we see that the unique strong solution to (2.4) satisfies
We consider a Vasicek-type short rate model M in which the short rate process {r(t)} t≥0 follows (2.4) or (2.5). We define the money-market account process {B(t)} t≥0 by
Let T ∈ (0, ∞). For 0 ≤ t ≤ T , let P (t, T ) be the time t price of a T -bond. We regard Q as an equivalent martingale measure of M in the sense that the discounted price process
becomes a {Q, F t }-martingale. Then we have (2.7)
For generalities of short rate models, one can consult, e.g., [5, Chapter 5] .
, whence the Vasicek-type model M above reduces to the classical Vasicek model.
Prices of bonds and bond options
Though the short rate process {r(t)} defined by (2.4) is not a Markov process, the model M admits a closed-form expression for P (t, T ). To state this result, we introduce the following function:
We can write m(t) more explicitly as
Here is a closed-form expression for P (t, T ).
Theorem 3.1. We have
where
We prove Theorem 3.1 in Section 4 Recall Y (t, T ) from (1.2). From Theorem 3.1, we immediately obtain the next theorem.
Theorem 3.2. We have
In particular,
In Section 6, we use (3.1) to estimate the parameters of the model M from actual yield data.
RecallP (t, T ) from (2.6).
Proposition 3.3. The process {P (t, T )} 0≤t≤T satisfies the SDE
where the deterministic function v(t, T ) is defined by
Proof. For fixed T > 0, we put
so thatP (t, T ) = exp{V (t)}. Then, from (2.4) and (2.2), we have
for some continuous {F t }-adapted process {β(t)} 0≤t≤T . This and Itô's formula yield
for another continuous {F t }-adapted process {γ(t)} 0≤t≤T . However, since {P (t, T )} 0≤t≤T is a martingale, we see that γ(t) ≡ 0. Thus the proposition follows.
Let π C (0) be the time 0 price of a European call option on a T -bond, with maturity S ∈ (0, T ) and exercise price K ∈ (0, ∞). Then π C (0) is given by
where (x) + := max(x, 0). We write Φ for the cumulative distribution function of a standard normal distribution:
Proposition 3.4. We have
where We use Proposition 3.4 to illustrate the efficiency of a numerical method in Section 5.
Proof of Theorem 3.1
From (2.5),
By the classical Fubini theorem as well as that for stochastic integrals (cf.
[5, Section 6.5]), the first term on the right-hand side is equal to
Combining these with (2.7), we obtain (4.1)
We write P [0,t] for the orthogonal projection from L 2 (Ω, F , Q) onto the closed subspace spanned by {Z(τ ) : τ ∈ [0, t]}, and P ⊥ [0,t] for its orthogonal complement: 
Since the process {Z(s)} is Gaussian, we see from (4.2) that F t and P
3)
where 
. 
However, since I [t,T ] (t + τ ) = I [0,T −t] (τ ), we have
∞ 0 g(s, τ ; 0, t)f (t + τ )dτ = p e −q(t−s) + φ(t)e −qs b{1 − φ 2 (t)} T −t 0 e −(p+q)τ e −b(T −t−τ ) − 1 dτ = − e −qt m(T − t) b{1 − φ 2 (t)} e qs − p p + 2q e −qs .
Thus (4.4)
.
For n ∈ N and τ ∈ [0, T − t], we have
So, the first term on the right-hand side of (4.5) is equal to
while the second term to −(1/b)e −q(t+s) m(T − t)φ n−1 (t), whence
From this and |φ(t)| < 1, we get 
An associated Markov process
We define
so that
and couple the short rate process {r(t)} with {u(t)}. Then, the resulting two-dimensional process {(r(t), u(t)) T } satisfies the SDE
whence it is a Markov process. This implies that P (t, T ), which is defined by (2.7), would have an expression of the form P (t, T ) = F (t, r(t), u(t); T ). The aim of this section is to derive an explicit expression for such F and to present a numerical method to evaluate contingent claims based on it. 
Proof. Since u(0) = 0 and e qt dZ(t) = {e −pt /l(t)}du(t) − pe −qt u(t)dt,
Similarly,
Combining,
However, from
and pe
we see that R(s) ≡ 0. Thus the lemma follows.
Here is the explicit expression for F stated above. It may be regarded as an affine term-structure for the model (cf. [3, 4] and [5, Section 5.3 
]).
Theorem 5.2. We have
Proof. By Lemma 5.1, we have
This and Theorem 3.1 yield the theorem.
We turn to analogs of term-structure equations for European contingent claims in the model M.
We also assume
Proof. From (5.1), (5.3) and Itô's formula, we have dG(t, r(t), u(t)) = r(t)G(t, r(t), u(t))dt + ∆G(t, r(t), u(t)))dW * (t),
From this and (5.4), we see that {e − t 0 r(s)ds G(t, r(t), u(t))} 0≤t≤S is a square integrable martingale, whence
Thus (5.5) follows.
Suppose that, for 0 < S ≤ T and a continuous function h : (0, ∞) → R, we want to evaluate a European contingent claim h(P (S, T )) with maturity S, written on a T -bond. Since h(P (S, T )) = h(F (S, r(S), u(S); T )) for F in (5.2), the price of the claim at time t ∈ [0, S] is given by the lefthand side of (5.5) with g(x, y) = h(F (S, x, y; T )). Therefore, by Proposition 5.3 and under the assumption that (5.3) has a suitable solution, the 
Estimation of parameters
We estimate the parameters of M by fitting the yield curve to actual yield data. More precisely, we search for the values of parameters such that the following least squares error is minimized:
Here, Y (0, T ) is the yield for a T -bond in the model M given by (3.1), and y(0, T i )'s are actual yield data. We take n = 10 and In Figure 3 , we show the data y(0, T i ) and the fitted yield curve Y (0, T ). For comparison, we also show the Vasicek yield curve fitted to the data. The data and fitted yield curves are shown in Figure 5 . 
